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Reduced basis techniques for the approximation of solutions to elliptic variational in-
equalities have been developed in the last few years. These methods apply to variational
inequalities of the first kind, i.e., problems which can be equivalently described by a
minimization of a functional over a convex set. However, these recent approaches are
inapplicable to variational inequalities of the second kind, i.e., problems which involve
minimization of a functional containing non-differentiable terms. In this paper, we
evaluate the feasibility of using the reduced basis method combined with the empirical
interpolation method (EIM) to treat variational inequalities. In the proposed approach,
the problem is approximated using a penalty or barrier method, and EIM is then ap-
plied to the penalty or barrier term. Numerical examples are presented to assess the
performance of the proposed method, in particular the accuracy and computational
efficiency of the approximation. Although the numerical examples involve only varia-
tional inequalities of the first kind, these tests give an indication of the practicability
of using the proposed methods for variational inequalities of the second kind.
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1. Introduction

Many problems in mechanics can be described as elliptic variational Inequalities
(VIs). One class of VI-problems consists of problems with a bilinear & linear func-
tional term such as obstacle problems, lubrication phenomena, two-dimensional
flows of perfect fluids or wake problems, all of which can be formulated as a mini-
mization problem over a convex set (see, e.g., [7]). In this paper we focus on minimiz-
ing functionals with a bilinear and (non)linear part, such as obstacle-like problems.
The problem’s underlying physics is described by parameters: material, geometry,
and boundary properties. For a fixed parameter the solution procedure for VIs, in
practice, often relies on Lagrange-, barrier- or penalty-based methods (see, e.g., [15])
and is often costly. Especially, in real-time (e.g., parameter-estimation) and many-
query (e.g., design optimization) contexts it is necessary to find faster ways to solve
VIs for many parameters. One key ingredient is exploring the parameter-induced
solution-manifold and trying to resolve it with only a few functions.
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The Reduced Basis Method (RBM) was successfully applied in [10], [13] and [19]
to the Lagrange-based approach for VIs of the first kind with bilinear and linear
functional parts only. In [13] the computation of surrogate solutions, and a poste-
riori error bounds with a partial offline-online computational decomposition are
presented. The idea of such a decomposition is to pre-compute offline costly terms
in advance and then, online, rapidly — without high-dimensional computations —
compute a surrogate solution and its error estimator.

In this paper we focus primarily on solving VIs in which the “cost” function is a
sum of a bilinear and a nonlinear functional. We investigate the feasibility of solving
these VIs by applying the EIM to the barrier- and penalty-based formulations.
Although the problems considered here involve differentiable nonlinear functions,
our ultimate goal is to evaluate the proposed method’s practicability for VIs of the
second kind, i.e., VIs involving non-differentiable functionals. VIs of the second kind
play an important role in friction and contact (see, e.g., [14]) and are even more
difficult to handle.

We focus on the development of rapidly convergent reduced basis surrogates and
associated a posteriori error estimators, following three steps: First, we eliminate
the Lagrange multiplier by applying the barrier- or penalty-method. This adds a
nonlinear term to the functional. Second, we apply EIM to the latter nonlinear
term, in order to evaluate it rapidly yet accurately. Third, we reduce the dimension
of the problem through a Galerkin projection onto a low-dimensional reduced basis
space and an efficient evaluation of the nonlinearity by EIM. Using these three
steps we rapidly compute a surrogate. Moreover, this surrogate is used to evaluate
a non-rigorous a posteriori error estimator.

We start with the general problem setting. Let Ω ⊂ Rd be the physical domain
and µ ∈ P ⊂ Rp represent parameters. The VI is described by a minimization
problem on a convex subset X(µ) of a separable Hilbert space V . Find u ∈ X(µ),
s.t.

u = arg min
u∈X(µ)

J(u), J(u) :=
1

2
a(u, u)− f(u). (1)

We assume that a(·, ·) is a symmetric, continuous and coercive bilinear form. Fur-
thermore, we distinguish two cases for a bounded functional f(·): In Section 2 we
consider a linear f(·), whereas in Section 4 we consider an example with a nonlinear
f(·). Here, for simplicity, we only allow the parameter µ to influence the admissible
space X(µ) by the means of u(x) ≥ h(x;µ), where h(·;µ) ∈ C(Ω̄). However, our
approach is easily extendable to parameter-dependent a(·, ·) and f(·). Note that
here u ∈ C(Ω̄) since for X(µ) ⊂ H1(Ω) = V and Ω ⊃ R1, the Sobolev embedding
theorem implies u ∈ H1(Ω) ⊂ C(Ω̄) (see, e.g., [7]). Since u is continuous, the re-
striction u(x) ≥ h(x;µ) is well defined. However, for higher spatial dimensions the
continuity of u is not ensured, but we can define an embedding H1(Ω) → L2(Ω)
and so consider a “≥”-relation in the L2-sense.

We state the main contributions of this paper:

• We investigate the feasibility of solving (nonlinear) VIs by applying the EIM
to the barrier- and penalty-based formulations.

• We study the quality of error estimators provided by the EIM-RB reduction.
• We successfully apply our methods to VIs including convex differentiable

terms, such as |u|3.
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In Section 2 we introduce two solution procedures, a barrier method and an expo-
nential penalty method (exp-penalty method) and derive the equivalence of a VI and
a nonlinear elliptic equation. In Section 3 we (i) briefly introduce the application of
EIM and RBM to nonlinear elliptic equations and (ii) derive two a posteriori error
estimators. In the last section we present numerical results for an one-dimensional
model problem with an obstacle-type constraint.

2. Barrier method and exponential penalty method

We first introduce a barrier method with an obstacle-like, parameter-dependent
constraint u(x) ≥ h(x;µ). The idea of the barrier methods is to substitute the
constraint by a smooth so-called barrier functional that raises to infinity if the
solution approaches the constraint. Therefore, the constraint is incorporated in the
barrier functional B(u;µ) =

∫
Ω− ln(u(x)−h(x;µ)) dΩ and satisfies u(x) > h(x;µ).

We can show that minimizing the functional J(u;µ, ν) + ν ·B(u;µ, ν) for ν → 0 in
the space V is equivalent to minimizing J(u) over the admissible set X(µ) (see, e.g.,
[18]). Further, since for all ν > 0 the functional B(u;µ, ν) is convex with respect to
u, there exists a solution u(·;µ, ν) of (1) and it is characterized by:

J ′(u)[v] + ν ·B′(u)[v] = a(u, v)− f(v)− ν ·
∫

Ω

v(x)

u(x)− h(x;µ)
dΩ = 0. (2)

In order to solve (2), we introduce a homotopy for ν and follow a continuation
procedure combined with Newton’s method. The Newton’s iteration is initialized
with u(νprevious) and proceeds until u(νfinal). In Figure 1 we anticipate the numerical
example in Section 4 and show solutions for the obstacle problem.
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Figure 1. Solutions u(x;µ) and the corre-

sponding obstacles h(x;µ) of the first nu-
merical example in Section 4.

Second, we introduce a penalty approach.
The standard penalty method with a quadratic
penalization functional is widely used and
has been analyzed (see, e.g., [4], [14]). Since
the quadratic penalty term is only once-
differentiable we introduce a smoother penal-
ization with an exponential term. This penal-
ization has been already proposed for nonlinear
convex programming in Rn, (see, e.g., [1], [5]).
In this work, we extend the exp-penalty method
to the function space setting.

Analogously to the barrier method, we de-
fine an additional penalizing term E(u;µ, ν) :=
ν
∫

exp(1/ν(h(x;µ)−u(x)))−1 dΩ with ν → 0.
The term E(u;µ, ν) becomes larger, if u vi-
olates h(µ). Since for all fixed ν > 0 the
term E(u;µ, ν) is convex, we can identify a ν-
dependent minimization problem: Find u(ν) minimizing J(u;µ, ν)+E(u;µ, ν), ∀u ∈
V . Again we characterize u(ν) by the first order optimality condition J ′(u)[v] +
E′(u;µ, ν)[v] = a(u, v) − f(v) −

∫
Ω exp(1/ν(h(x;µ) − u(x))) v(x) dΩ = 0, ∀v ∈ V.

We then solve this nonlinear elliptic equation for a fixed ν by using a damped
Newton’s iteration and a decreasing ν-sequence in a homotopy.

Based on the convergence results for discrete spaces in [1], [5], it can be reasonably
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expected that the solution of the exp-penalty method converges to the solution of
the original problem (1). Subsequently, the numerical results in Section 4 confirm
this assumption.

3. Empirical Interpolation Method and Reduced Basis Method

In this section we introduce well known reduction techniques and combine them to
explore one way to (i) rapidly compute accurate approximations to parametrized VIs
without losing too much accuracy and (ii) explore the parameter-induced solution-
manifold.

We will focus on the barrier method only in this section; all the results can be
directly transferred to the exp-penalty method. We start by introducing a discrete
and computable framework for the barrier method. Let Ωh be a discrete domain
space and Vh a high fidelity FEM-space that is fine enough to resolve the parameter-
dependent solution sufficiently well.

3.1. EIM

The formulation of the barrier method in (2) involves a µ-dependent nonlinear term
ν · 1

u−h(µ) =: g(u(x;µ), x;µ), which we need to efficiently approximate for a fixed

ν. EIM provides such an approximation by a coefficient function approximation
gM (x;µ) with gM (x;µ) ≈ g(u(x;µ), x;µ). We define gM (x;µ) in Algorithm 1 and
restate major results from [2] and [9].

EIM is based on a Greedy approach to successively construct so-called inter-
polation points TM = {xT1 ∈ Ω, . . . , xTM ∈ Ωh} and a sample set SM ≡ {µ1 ∈
P, . . . , µM ∈ P} with the associated reduced space WM = span{q1 ∈ Vh, . . . , qM ∈
Vh}. The approximation gM lies in the latter space gM ∈ WM . The EIM approach
consists of the following three steps:

First, we choose a maximal dimension of the space WM : Mmax ≥ 2, and de-
fine a finite parameter training set ΞEIM

train ⊂ P for which we compute u(µ) and
g(u(x;µ), x;µ) for all µ ∈ ΞEIM

train.
Second, we compute the first basis function of the coefficient function approx-

imation by the following four ingredients: (i) choose one parameter µ1 ∈ ΞEIM
train,

(ii) set ξ1 ≡ g(u(x;µ1), x;µ1), (iii) determine the first interpolation point by x1 =
arg maxx∈Ω |ξ1(x)|, and (iv) set the first basis function of WM as q1 = ξ1(x)/ξ1(x1).

Third, we perform Algorithm 1 that uses data from M previous steps to generate
data for M + 1.

Note that in Algorithm 1, the matrix BM is lower triangular with unity diagonal
and hence invertable. Further, using the EIM approach, we depict the first five basis
functions of WM for the first numerical example in Figure 2. It is worth mentioning
that if the functional f(·) has nonlinear parts, they can be simply included in the
functional g(·) and also treated by the proposed EIM reduction. We now turn to
the RB method.

3.2. RBM

It has been shown that RBM efficiently reduces the complexity for many
parametrized problems, such as elliptic [17], parabolic [11] and even hyperbolic
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Algorithm 1 EIM Induction
1: for M ∈ {1, . . . ,Mmax} do
2: define BMij = qj(xi), 1 ≤ j ≤ i ≤M
3: solve

∑M
j=1 B

M
ij ϕM j(µ) = g(u(xi;µ), xi;µ), 1 ≤ i ≤M for ϕM (µ), ∀µ ∈ ΞEIM

train

4: compute gM (x;µ) =
∑M
m=1 ϕMm(µ)qm(x), ∀µ ∈ ΞEIM

train and

5: interpolation error εM (µ) = ‖g(u(·;µ), ·;µ)− gM (·;µ)‖L∞(Ω), µ ∈ ΞEIM
train

6: determine µM+1 ≡ arg maxµ∈ΞEIM
train

εM (µ)

7: ξM+1 ≡ g(u(x;µM+1), x;µM+1)

8: solve the system
∑M
j=1 σ

M
j qj(xi) = ξM+1(xi), 1 ≤ i ≤M for σM ∈ RM

9: set rM+1(x) = ξM+1(x)−
∑M
j=1 σ

M
j qj(x)

10: determine xM+1 = arg max
x∈Ω
|rM+1(x)|, set qM+1(x) = rM+1(x)/rM+1(xM+1)

11: define TM+1 = TM ∪ xM+1, SM+1 = SM ∪ µM+1 and WM+1 = WM ∪ qM+1

12: end for

problems [6], [12].
Based on the RBM-results for elliptic problems we give the following reduced-

basis setting. We introduce a nested sample SuN := {µu1 ∈ P, . . . , µuN ∈ P}, 1 ≤
N ≤ Nmax ∈ N; see below for construction of samples obtained by the Greedy
approach. Further, we define the associated nested reduced-basis space W u

N :=
{ζi; 1 ≤ i ≤ N}, 1 ≤ N ≤ Nmax, where ζi ≡ u(µui ) is the solution of the
barrier method for the final and smallest ν-parameter. Further, we orthonor-
malize ζi; 1 ≤ i ≤ Nmax with respect to the inner product (·, ·)V =: a(·, ·)
such that the Newton’s Jacobian matrix (to be defined in Section 3.5) is bet-
ter conditioned. Subsequently, we apply a Galerkin projection for the nonlin-
ear elliptic equation (2) onto the space W u

N and search for a surrogate solution
uN (µ) ∈ W u

N for any µ ∈ P. The resulting nonlinear reduced problem is given
by a(uN (µ), v) − f(v) −

∫
Ω g(u(x;µ), x;µ) v dx = 0, v ∈ W u

N . By considering the

representation of uN (µ) =
∑N

i=1 uNj(µ) · ζi ∈ W u
N we get a smaller algebraic sys-

tem
∑N

i=1 a(ζi, ζj)uNj(µ) − f(ζi) −
∫

Ω g(uN (x;µ), x;µ) · ζi(x) dΩ = 0, 1 ≤ i ≤ N .
We see immediately, that the latter system cannot be solved online-efficiently, since
g(uN (x;µ), x;µ) is nonlinear in uN and therefore can not be decomposed in the
offline stage. Consequently, we apply the EIM-approximation to the latter term,
which leads to a reduced problem

N∑
i=1

a(ζi, ζj)uNMj(µ)− f(ζi)−
∫

Ω
gM (x;µ) · ζi(x) dΩ = 0, 1 ≤ i ≤ N. (3)

We can rapidly access
∫

Ω gM (x;µ) · ζi(x) dΩ =
∑M

m=1 ϕMm(µ)
∫

Ω ζiqm, which com-
pletes the online-offline decomposition. Through this decomposition we can now
solve (3) and obtain a surrogate uNM (x;µ) for the original problem (1).

3.3. Greedy Procedure

In this subsection the sample set SuN and the corresponding RB-space W u
N is con-

structed in four steps: First, let Ξtrain ⊂ P be a training set; usually larger than
ΞEIM

train. If SuN = ∅, then choose an initial parameter µ1 ∈ Ξtrain and set µ∗ = µ1.
Second, add µ∗ into SuN and the corresponding solution u(·;µ1) into W u

N . Third,
compute for all µ ∈ Ξtrain the surrogate uNM (·;µ) ∈ W u

N and the corresponding
error normalized estimator: est/||uN (µ)||V . Here, we use an error estimator and
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the reduced Newton’s method introduced in the next subsections, see p. 6. (iv)
Determine the µ∗ with the largest estimator.

The second, third and forth steps are repeated until the maximal estimator falls
below a tolerance or a maximal number of reduced basis functions Nmax is reached;
for a detailed description of the Greedy method, see, e.g.,[16]. Using the Greedy
approach, we depict the first five basis function ofW u

N for the first numerical example
in Figure 3.
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Figure 2. The first five basis vectors form-
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Figure 3. First five basis vectors forming the reduced ba-
sis Wu

N in the numerical example for the barrier method,

see Sec. 4. The basis {ζi}5i=1 is constructed by Greedy pro-

cedure based on the a posteriori error estimator (only the
residual part εNM ).

In the next part of this section, we give the formulation of the a posteriori error
estimator and the explicit construction of Newton’s method in the reduced setting.

3.4. A posteriori error estimator

In order to derive an error estimator, we define the residual term RN (v, µ) =
f(v) − a(uNM (x;µ), v) +

∫
Ω gM (x;µ) · v(x) dΩ, ∀v ∈ Vh. Then we define

three auxiliary terms that are used in the estimator derivation: (i) εNM (µ) :=
supv∈Vh

RN (v;µ)/||v||V , (ii) ϑqM := supv∈Vh

∫
Ω qM+1 · v dΩ/||v||V and (iii) ε̂M (µ) :=

|g(uMN (xM+1;µ), xM+1;µ)− gM (xM+1;µ)|, where M + 1 ≤ Mmax. We go back to
(2), use its full solution u(µ) and conclude

RN (v) = a(u− uNM , v)−
∫

Ω
(g(u, x;µ)− gM (x;µ)) · v dΩ, ∀v ∈ Vh (4)

= a(u− uNM , v)−
∫

Ω
(g(u, x;µ)− g(uNM , x;µ) (5)

+ g(uNM , x;µ)− gM (x;µ)) · v dΩ, ∀v ∈ Vh

Note that g(u(x;µ), x;µ) = ν · 1
u−h(µ) is continuous and monotonically decreasing

in u. From that we infer that δ(x) := −(g(u, x;µ)− g(uNM , x;µ)) · (u− uNM ) ≥ 0
and therefore A :=

∫
Ω δ(x)dΩ ≥ 0. Next we substitute v with e := u − uNM and

conclude a(e, e) +A = RN (e) +
∫

Ω(g(uNM , x;µ)− gM (x;µ)) · e dΩ.
At this point, we already derive the first error estimator by neglecting∫

Ω(g(uNM , x;µ) − gM (x;µ)) · e dΩ. Using (i) A ≥ 0 and (ii) α||e||2V ≤ a(e, e),
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where α is the coercivity constant of a(·, ·), we conclude

||e||V / εNM
1

α
= sup

v∈Vh

RN (v;µ)

||v||V
1

α
. (6)

In Section 4 we illustrate in the numerical examples that this term is already a good
indicator for the error. However, for completeness we go one step back and consider
the neglected term

∫
Ω(g(uNM , x;µ)−gM (x;µ))·e dΩ. In order to estimate that term

we use a special property of EIM: If M+1 ≤Mmax and g(uNM , x;µ) ∈WM+1, then
g(uNM , x;µ) − gM (x;µ) = ±ε̂M · qM+1. Of course, this condition g(uNM , x;µ) ∈
WM+1 is generally not satisfied. Therefore, we make a common EIM-assumption
that g(uNM , x;µ) − gM (x;µ) ≈ ±ε̂M · qM+1. Thus, we deduce

∫
Ω(g(uNM , x;µ) −

gM (x;µ)) · e dΩ / ε̂M (µ) · ϑqM · ||e||V . We infer from A ≥ 0 and coercivity of a(·, ·)
that

||e||V / (εNM + ε̂M · ϑqM )/α. (7)

Here, α = 1, since we did not include any µ-dependence for a(·, ·) and defined
(·, ·)V = a(·, ·).

3.5. Reduced Newton’s method

We solved the full problem (2) by a continuation procedure in the Newton’s iteration.
We apply this approach also for the reduced problem (3). For this iteration we need
the following two ingredients: First, the reduced equation (3), which we drive close
to zero and second, the gradient of equation (3).

Let uNM ∈ W u
N be an initial guess, where — except for the first homotopy

solution u(νfirst) — the initialization is given by uNM (νprevious). We denote the
representation uNM = Z · uNM , where Z = (ζ1, ..., ζN ) stores the reduced-basis
vectors and uNM ∈ RN is the coefficient vector. Using that representation, we
define three algebraic parts: (i) a matrix ANi,j

:= a(ζi, ζj), (ii) a vector FNi
:= f(ζi)

and (iii) determine g(uNM , x;µ) at the interpolation points xm, 1 ≤ m ≤ M . We
denote the latter as a vector gint(uNM ). Using gint(uNM )RM and the definition of
gM (x;µ) we derive a new representation of the last term of equation (3)

∫
Ω
gM (x;µ) · ζi(x) dΩ =

M∑
m=1

∫
Ω

(
BM−1 · gint(uNM (x))

)
m
qm · ζi(x) dΩ.

We define two matrices: Ci,m :=
∫

Ω qm · ζi dΩ, C ∈ RN×M and D := C · BM−1 ∈
RN×M , and thus rewrite (3) algebraically into

AN · uNM − FN −D · gint(uNM ) = 0.

For the gradient of the last expression, we take derivatives of (3) with respect to
the unknown uNM . This results in the following expression of the gradient AN +
D · diag(gint(uNM )) · Z ∈ RN×N , where diag(vector) is a matrix with the vector’s
entries on the diagonal.

7
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Having now the evaluation of (3) and its gradient, we state the Newton’s iteration:
(i) start with a guess uNM , (ii) compute δuNM by solving:

(AN +D · diag(gint(uNM )) · Z) δuNM = AN · uNM − FN −D · gint(uNM ),

(iii) update uNM = uNM − κδuNM , where κ ∈ [0.01, 1] is an additional damping
parameter, in order to achieve better results; (iv) go to (ii) with the current uNM .

We discuss the well-posedness of the Newton’s iteration. It mainly depends on
a good choice of the starting point and on the properties of the reduced matrix
AN +D ·diag(gint(uNM )) · Z. The solvability can be theoretically ensured by the so-
called inf-sup-condition (see, e.g., [6], Sec. 3). Practically, we check the invertability
of the gradient especially for the final homotopy parameter and discovered that the
smallest eigenvalue was always O(1).

We now give a short overview of the computational cost of the reduced barrier
method. We define H as the number of homotopy parameters and I as the average
number of Newton’s iteration steps during the homotopy. The cost mainly depends
on the computation of the gradient D · diag(gint(uNM )) ·Z with O(M2N2) and the
inversion of it. In summary the cost is given by O(H · I · (M2N2 +N3)).

As mentioned in the beginning, all results of this section can be directly applied
to the exp-penalty method by using g(u(x;µ), x;µ) := exp(1/ν(h(x;µ)− u(x))).

4. Numerical example: 1-d obstacle problem

In this section we apply the proposed methods to two examples and investigate their
performance. We first, define the framework of the problem and afterwards show
the numerical results of the barrier method and the exp-penalty method applied to
linear and nonlinear functionals.

4.1. A linear cost functional

We set Ω := [0, 1] and V = H1
0 (Ω). Let Ωh be an equidistant mesh with N = 999

dofs (1000 cells) and let Vh consist of first order Lagrange FE. We define a mini-
mization problem, given in [13], by minu∈V

∫
Ω

1
2γ∇u ·∇u−u dΩ, where γ = 0.075 is

the elasticity-parameter. We impose u(x) ≥ h(x;µ), with the parametrized obsta-
cle h(x;µ) := −0.2(sin(πx) − sin(3πx)) − 0.5 + µ(x − 0.5), and µ ∈ [−0.05, 0.5].
We utilize the routine quadprog R© of MATLAB R©, with TolFun = 1E−12 to
compute very accurate reference solutions uref(·;µ). Using this routine on the
given mesh, we numerically approximate the relative discretization error ≤ 1E−4.
Further, we need to choose a sequence of barrier/penalty parameters νi with a
sufficiently small final parameter. The latter is chosen depending on the rela-
tive error between the accurate reference solution uref and the full barrier/exp-
penalty solutions ubarr(νfinal) and uexp(νfinal). The dependence on the final ho-
motopy parameter is depicted in Fig. 4. As a result, we choose for both meth-
ods the final parameter νfinal = 1E−3, such that the relative error to the ref-
erence solution is ≈ 2% for the barrier method and ≈ 1% for the exp-penalty
method. The homotopy-array is constructed in the following way: It starts with
the final parameter, with index 1, ν1 := 1E−3, νi+1 := 1.5 · νi, νi ≤ 0.2.

8



October 21, 2015 Mathematical and Computer Modelling of Dynamical Systems EIM˙VI

8
10-6 10-4 10-2 100

jju
re

f
!

u
(8

)jj
=
jju

re
fjj

10-4

10-3

10-2

10-1

100
u(8)-convergence for 7 = -0.0490

barr
exp-pen
80:75

Figure 4. Relative convergence of
barrier/exp-penalty solutions to the refer-

ence solution, depending on the homotopy

parameter ν, measured in V -norm.

We now describe the reduction process for RB
and EIM. We start with constructing the EIM
quantities qi(x) and xi, see Fig. 2. This is done
by using a training set ΞEIM

train, constructed by
choosing 60 equidistant values for µ in the in-
terval [−0.05, 0.5]. We note that for construct-
ing the vectors qi(x), we need to compute u(µ)
for all µ ∈ ΞEIM

train. Therefore, it is not prudent
to take a very large number of training points
here.

Having an EIM-approximation with up to
Mmax = 60 functions, we continue to construct
the RB with ζi, see Figure 3. Again we con-
struct a set Ξtrain ⊂ P, but now with far more
points: 300 equidistant values for µ in the inter-
val [−0.05, 0.5]. We run the Greedy procedure
based on the error estimator, see (6), and EIM
with M = 60 basis elements in order to construct N = 30 RB-functions. The result-
ing maximal error estimator for (N,M) = (30, 60) is around 4E−4 for the barrier
method and 11E−4 for the exp-penalty method.

For testing the reduced methods, we choose another set Ξtest by taking 148 equidis-
tant values for µ in the interval [−0.049, 0.49637] with Ξtrain ∩ Ξtest = ∅.

In Fig. 5 and 6 we display the maximal relative errors (solid) and the maximal
relative error estimators (dashed) in V -norm for the barrier method and the exp-
penalty method. We note that for (N,M) = (10, 10) both methods already reach a
relative error below 1%. This is important since the accuracy of the reduced method
should be better than the one caused by the homotopy-error: 2% (barrier) and 1%
(exp-penalty), see Fig. 4.
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10-3

10-2

10-1

100
Max. rel. errors and est-res over N

uN error, M=5
uN error, M=10
uN error, M=15
est-res, M=5
est-res, M=10
est-res, M=15

Figure 5. Barrier method: Maximal relative er-

ror and estimator decay (only residual part) for
different N,M values. space space space space
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10-4

10-3

10-2

10-1

100
Max. rel. errors and est-res over N

uN error, M=5
uN error, M=10
uN error, M=15
est-res, M=5
est-res, M=10
est-res, M=15

Figure 6. Exp-penalty method: Maximal rela-
tive error and estimator decay (only residual
part) for different N,M values.

We present in Table 1 and 2 relative errors and different relative estimators for
different N,M . We denote the estimator from expression (6) with (est-res) and from
expression (7) with (est), where the latter estimator gives less accurate results due
to the inaccurate term ε̂M . Furthermore, we display in Table 1 the average effectivity
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η̄ := 1
|Ξtest|

∑
i∈Ξtest

esti
erri

and the speed-up ratio between the computational times of

the reduced method and the full method without reduction. The full time for the
barrier method is around ≈ 0.1s and for the exp-penalty method is ≈ 0.05s.

We can clearly see in Table 1 that the error decays with growing N,M , while
the mean effectivity is strongly varying. The speed-up ratio for (N,M) = (10, 10)
is around 0.032, which means that the reduced approach is around 30 times faster
than the original one. We stress two notable results: (i) taking a too small M , as
in (N,M) = (10, 5), might result in a underestimating error estimator and (ii) the
error estimator in (7) is likely to overestimate the error.

In Table 2 we see a similar behavior, except that the effectivity is more stable
and saturates at 20. The speed-up ratio is now twice as large as before, since the
RB-time stayed the same, whereas the full time for running the exp-penalty method
is half as large as for the barrier method. Again, it is worth mentioning that the
second estimator, given by (7), is likely to overestimate the error.

N M max-err max-est max-est-res ave-eff speed-up ratio
5 5 2.76E−03 1.20E−02 3.13E−03 2.79E+00 3.00E−02
5 10 2.87E−03 2.64E−02 4.33E−03 1.09E+01 3.05E−02
10 5 2.12E−03 1.35E−02 3.86E−04 3.92E+00 3.11E−02
10 10 1.14E−04 1.69E−02 3.70E−04 9.33E+01 3.21E−02
20 20 2.86E−06 1.49E−04 1.32E−04 1.16E+02 3.80E−02
30 30 2.36E−05 3.75E−04 3.74E−04 6.52E+01 4.60E−02

Table 1. Barrier method: We display for certain N, M the following relative errors and relative estimators
in the V -norm: maximal error, maximal estimator, and maximal residual estimator. Further, we show the

averaged effectivity η̄ and the speed-up ratio.

N M max-err max-est max-est-res ave-eff speed-up ratio
5 5 4.63E−03 1.16E−01 2.37E−03 2.46E+01 6.72E−02
5 10 5.47E−03 9.14E−03 3.26E−03 2.73E+00 6.76E−02
10 5 2.92E−03 1.15E−01 2.26E−03 3.61E+01 6.92E−02
10 10 2.45E−04 5.06E−03 2.22E−03 1.91E+01 6.81E−02
20 20 1.12E−04 2.13E−03 2.13E−03 1.72E+01 7.86E−02
30 30 9.63E−05 2.05E−03 2.05E−03 2.05E+01 8.98E−02

Table 2. Exp-penalty method: We display for certain N, M the following relative errors and relative

estimators in the V -norm: maximal error, maximal estimator, and maximal residual estimator. Further, we

show the averaged effectivity η̄ and the speed-up ratio.

We comment on an implementational issue. In order to resolve the nonlinearity in
g(u, x;µ) and to achieve reliable results in EIM, it is necessary to carefully consider
the role of quadrature points in the computation of the vectors qi (see, e.g., [8]
p. 132 and [9]). In the previous example we used 2 quadrature points. By using 5
quadrature points, we achieve better error estimators for both the barrier method
and the exp-penalty method. As a result, we show the improved results for the
barrier method in Table 3.

Comparing the computational times of the proposed reduced methods with the
method proposed in [13], we observe some differences. As suggested in [13] we use
on the one side an out-of-the box routine quadprog R© and on the other side our
implementation of the barrier and exp-penalty method. For finding a reduced so-
lutions uN , we see that the method from[13] using quadprog R© is twice as fast as

10
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N M max-err max-est max-est-res ave-eff speed-up ratio
5 5 2.20E−03 1.53E−02 5.40E−04 4.38E+00 3.14E−02
5 10 2.52E−03 2.86E−02 3.38E−03 1.72E+01 3.20E−02
10 5 2.13E−03 1.36E−02 3.88E−04 3.94E+00 3.30E−02
10 10 1.24E−04 1.72E−02 3.69E−04 8.29E+01 3.24E−02
20 20 7.33E−06 3.90E−04 2.58E−04 5.40E+01 3.98E−02
30 30 2.08E−05 3.79E−04 3.78E−04 6.03E+01 4.75E−02

Table 3. Barrier method: The same setting as for Fig. 5 and Table 1 but instead of using 2 quadrature

points we now use 5.

our reduced methods. This is time-gap probably caused by the highly optimized im-
plementation of quadprog R©. For evaluating the error bound or error estimator we
observe for all approaches almost the same time. Here, the reason lies probably in
the small model problem size. Theoretically the difference lies in the computational
effort for the a posteriori error bound and error estimator. In fact, our estimator is
independent of the high problem dimension N .

In the next part we comment on the influence of the final homotopy parameter ν1

on the numerical stability of the reduced barrier and the exp-penalty methods. We
keep all specifications of the previous example — with 2 quadrature point — but
only change ν1 = 1E−4. Recomputing EIM and RB for both methods, results in the
following outcome depicted in Fig. 7 and Fig. 8. We can observe instabilities, which
appear due to larger slopes of the nonlinearity caused by the smaller homotopy
parameter. The smaller parameter results in a less accurate Newton’s iteration and
causes more damping steps with some outliers. We investigated the influence of
three different quantities: (i) M , Mmax in order to change accuracy of EIM, (ii)
the number of quadrature points in order to change accuracy of the evaluation of
nonlinearities, and the (iii) stepsize in the homotopy-array in order to improve initial
guesses for Newton’s method.

N
5 10 15 20 25 30

10-4

10-3

10-2

10-1

100
Max. rel. errors and est-res over N

uN error, M=10
uN error, M=15
uN error, M=20
est-res, M=10
est-res, M=15
est-res, M=20

Figure 7. Barrier method: Numerical instabili-
ties for the case when the homotopy parameter

is very small (ν1 = 1E−4). Maximal relative er-
ror and estimator decay (only residual part) for

different M,N values. space space space space
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Max. rel. errors and est-res over N

uN error, M=10
uN error, M=15
uN error, M=20
est-res, M=10
est-res, M=15
est-res, M=20

Figure 8. Exp-penalty method: Numerical in-
stabilities the case when the homotopy parame-

ter is very small (ν1 = 1E−4). Maximal relative
error and estimator decay (only residual part)

for different M,N values.
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4.2. Nonlinear cost functionals

We extend the previous obstacle problem by adding a convex nonlinearity to the
cost functional. The existence and uniqueness of this class of problems is discussed
in detail in [7], Chapter 4. Here, we consider a differentiable cubic nonlinearity
1
3 |u|

3 that represents a cubic pull-back force to the rest position. Thus, the overall

functional is given by min
u∈V

∫
Ω

1
2γ∇u · ∇u + 1

3 |u|
3 − u dΩ, where we now choose

γ = 0.03.
On the one side, this class of problems can not be treated by the Lagrange-

based approach of [13], since f(u) = u− 1
3 |u|

3 is no longer linear. Nonetheless, one
could apply EIM to the nonlinear part of f(·) and then apply the Lagrange-based
approach. However, EIM is not a natural part of the latter approach and needs to
be added. On the other side, the clear advantage of our approaches is that it is very
simple to incorporate the nonlinearity into the reduced methods.

Next, we display different parameter-dependent solutions of the problem, with
nonlinear f(·), in Figure 9.
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-0.3

-0.2

-0.1

0

u(x;7)
h(x;7)

Figure 9. Solutions u(x;µ) and the correspond-

ing obstacles h(x;µ) of the second numerical
example; using the exp-penalty method (ν =

1E−3).
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est-res, M=10
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Figure 10. The exp-penalty method applied to
a VI with nonlinear f(·): Maximal relative er-

ror and estimator decay (only residual part) for
different N,M values.

We apply the exp-penalty method to a VI with nonlinear f(·). Again, we choose
the final parameter ν = 1E−3, such that the relative error to the reference solution
is ≈ 1%. We apply the proposed reduction methods with the same parameters
and sets as in the previous example and show its performance in Figure 10. The
error- and estimator-curves are now higher as for the previous example because
of the additional nonlinearity. In fact, the nonlinearity leads to a more diverse
parameter-induced solution-manifold and consequently to a more difficult problem
to be reduced.

Finally, we comment on the application of our approaches to VIs of the sec-
ond kind, i.e., VIs that involve minimization of functionals with non-differentiable
nonlinearities such as |u|. Adding 1

10 |u| to the minimizing functional adds a very
hard nonlinearity to the minimization problem. The full problem can be solved,
e.g., through application of a Newton’s method to a regularization-approach of the
|u(x)|-term or through a Gauss-Seidel method (see [7] Chapter 5). Applying these
methods to the non-differentiable problem not only takes more computational time
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but also produces solutions with low accuracy. Subsequent application of reduced
basis methods using the barrier and exp-penalty methods described above and a
regularization of the |u(x)|-term resulted in further magnification of the inaccuracy.
Efforts at stabilizing the iteration by investigating the influence of M , Mmax, the
number of quadrature points, stepsize in the homotopy, and different regularizations
for the |u(x)|-term were unsuccessful.

In summary, this work evaluates the feasibility of solving VIs with nonlinear func-
tionals f(·) by applying the EIM to the barrier- and penalty-based formulations.
These formulations enabled the computation of reduced basis approximations al-
beit with error estimators only (i.e., not error bounds). Furthermore, the proposed
method allows for a full offline-online decomposition of the computation of the ap-
proximation and error estimates. We apply our methods to variational inequalities
of the first kind involving functionals that are convex, differentiable, and nonlinear.
Our results seem to indicate, however, that the proposed methods are unsuitable
for use on the (even more difficult) variational inequalities of the second kind which
involve non-differentiable functionals. Other approaches therefore need to be con-
sidered to tackle such problems.
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